Abstract. In this paper, we are interested in solving the so-called norm equation N L/K (x) = a, where L/K is a given arbitrary extension of number fields and a a given algebraic number of K. By considering S-units and relative class groups, we show that if there exists at least one solution (in L, but not necessarily in Z L ), then there exists a solution for which we can describe precisely its prime ideal factorization. In fact, we prove that under some explicit conditions, the S-units that are norms are norms of S-units. This allows us to limit the search for rational solutions to a finite number of tests, and we give the corresponding algorithm. When a is an algebraic integer, we also study the existence of an integral solution, and we can adapt the algorithm to this case.
Introduction
The aim of this paper is to solve explicitly an equation of the type N L/K (x) = a, where L/K is an arbitrary given extension of number fields, and a a given nonzero element of the number field K. We also want to be able to decide if this equation is solvable or not.
By writing a in the form a = α/b with b ∈ Z and α integral in K, we see that our equation is equivalent to N L/K (x) = b d−1 α, where d = [L : K] is the degree of the extension. Thus without loss of generality we can make the assumption that a is an algebraic integer.
As a first idea we can look for integral solutions when a itself is integral, and this can be done for example by bounding the absolute value of the solutions. This idea, which we will not use, is developped by C. L. Siegel in [12] in the case of Galois extensions, by U. Fincke and M. Pohst in [9] in the case of an absolute extension, or by C. Fieker, A. Jurk and M. Pohst in [8] in the relative case. A more algebraic solution of this problem is given by D. Garbanati in [10] in the case of Abelian extensions, or by C. Fieker for Galois extensions in [7] . Our purpose here is to give an algebraic description of the rational solutions in the general case, and to deduce from this an algorithm. To our knowledge, an algorithm which solves this problem by algebraic considerations in the general case was not known before.
We will first prove some theorems giving a precise description of the prime ideal factorization of the solutions, which give bounds for the primes in the solutions. Secondly, we deduce an algorithm from these theorems that constructs a solution, or proves the nonsolvability of the equation. This algorithm assumes that we have 1288 DENIS SIMON a good knowledge of the field L. For example we have at our disposal a fundamental system of units of L, and we can solve the "principal ideal problem". We illustrate each proposition by an example. These examples were computed using the algorithms described at the end of this paper, which were implemented on the number theory package PARI/GP.
If we can prove that there is no integral solution, it definitely does not prove that there is no rational solution at all. Let us consider the following example: L/K = Q( √ 34)/Q, and a = −1. The fundamental unit u = 6 √ 34 + 35 has norm +1, hence a cannot be the norm of an integer (in L). However we have N L/K (( √ 34 + 5)/3) = −1. The existence of rational solutions to the equation N L/K (x) = a could make us think that there is no way to reduce this problem to a finite number of tests. Our goal is to show that, on the contrary, this is possible by giving a bound on the denominator or, more precisely, by giving a finite list of prime ideals that can occur in the numerator or in the denominator. Our theorem makes it possible to answer algorithmically the question of existence of a rational solution and at the same time constructs such a solution.
Let S be a finite set of prime ideals of the base field K. We say that an element a ∈ K * (resp. x ∈ L * ) is an S-unit if the only primes occuring in the prime ideal decomposition of a (resp. x) are in the set S (resp. above a prime ideal in S). We denote by U K,S the set of S-units of K and U L,S those of L. We are looking for solutions x as S-units. It is clear that all primes dividing a may have a contribution in the solutions x, and we will therefore assume that S contains all prime ideals dividing a so that a is an S-unit.
It is clear that the norm of an S-unit of L is an S-unit of K; in other words that
In view of the previous example, the reverse inclusion is not true (in this case with S = ∅): an S-unit which is a norm is not always the norm of an S-unit.
The theorem that we shall prove asserts that we have equality as soon as S is large enough, that is as soon as S contains some subset S 0 depending only on the extension L/K. This is to say that in order to solve the equation N L/K (x) = a, it is enough to consider all prime ideals dividing a, together with all exceptional prime ideals of S 0 .
Theorem 1.1. Let L/K be an extension of number fields. There exists a finite set
Such an S 0 is given explicitly in terms of some class groups. When S does not contain S 0 , it is still possible to give results about the quotient group
which are more precise when the extension is Galois, and even more precise when it is cyclic.
General notation:
If a and b are two integers, (a, b) is the gcd of a and b.
If G is a finite group, |G| denotes its order. We say that a finite group G is an n-group if each prime dividing |G| also divides n. If G is abelian, we say that 
S-units and S-class groups
In this section we recall the fundamental notions about the S-units of a number field K, without giving the proofs. For more details, see [13] .
Let S be a finite set of prime ideals of K. We say that x ∈ K is an S-integer if v p (x) 0 for all p / ∈ S. We say that x ∈ K * is an S-unit if v p (x) = 0 for all p / ∈ S. We write Z K,S for the ring of all S-integers of K, and U K,S for the multiplicative group of all S-units of K * . The invertible elements of Z K,S are exactly the Sunits. We denote by I S (K) the group of fractionnal ideals of Z K,S and P S (K) the subgroup of principal ideals (we sometimes say S-principal). We call S the group of ideals I such that v p (I) = 0 for all p / ∈ S, and we say that an ideal I is S-integral if v p (x) 0 for all p / ∈ S. If L/K is an extension of K, and S is still a finite set of prime ideals of the ground field K, we say that x ∈ L * is an S-unit if v P (x) = 0 for all primes P except perhaps for those above S. Because there is no possible confusion, we allow the notation P ∈ S instead of P above p ∈ S. The same kind of definition holds
Copying the definition of the class group Cl(K) as the quotient I(K)/P(K), we define the S-class group Cl S (K) as the quotient I S (K)/P S (K). Proposition 2.1. The following diagram is exact.
we write PP for the subgroup of all pseudo-principal ideals. We define the relative pseudo-class group by
Remark. It is clear that PP is a subgroup of I containing the subgroup of principal ideals of L, and hence that Cl i (L/K) is a quotient of Cl(L). In particular its order is finite. In fact we have
We also define the capitulation group as 
As we defined the S-class group in the previous section for an arbitrary set S of prime ideals, we can define the S-relative-pseudo-class-group and the S-relativenorm-class-group by
3.2.
Relations between class groups. We saw that when Cl(K) = 1, the two relative class groups are equal and coincide with Cl(L). In the general case they are not equal any more, but we can give some relations between them. We recall here the exact sequences resulting from the definitions:
We denote by [m] the map on a group G consisting in taking the mth power. The previous exact sequences remain exact if we take the p-Sylow of each group. If
These three groups are generated by the classes of the same ideals.
These two groups are generated by the classes of the same ideals.
For a proof of this see [13] . Thus the two notions of relative class groups only differ for the primes dividing (d, h(K)). We now give an example that shows that these two groups are not always equal.
Example. Let K = Q(y) with y 2 + 30 = 0. The class group of K is of type C 2 × C 2 generated by the ramified primes p 3 and p 5 .
The class group of L is of type C 4 × C 2 generated by the (totally ramified) primes P 3 (of order 4) and P 5 (of order 2). The relations
is generated by P 3 and P 5 .
Norm equations in Galois extensions
In the case where L/K is a Galois extension, the situation is quite simple and, for this reason, we consider this case first. The results that we obtain are more precise than in [7] . 
Thus we can find S-units of norm −1 as soon as S contains one of the primes 3, 5, 11, 29, 37, . . . . But it happens that the field L = Q( √ 34) has a nontrivial class group of order 2, and can be generated by primes above 3, 5, 11, 29, 37, . . . . The condition for −1 to be the norm of an S-unit seems in this case to be that S generates the class group of L: this is exactly what we will prove.
We will always denote by S a finite set of prime ideals of the base field K, and by abuse of notation (justified by the definition of S-units given in Section 2), by the same letter S the set of all prime ideals above S for each finite extension of K.
Lemma 4.1. Let L/K be a Galois extension, S a finite set of prime ideals of K. Let A be an S-integral ideal of K, and X,Y two S-integral ideals of L. Assume that they satisfy the relation
Proof. This is easily proved by induction on k.
Theorem 4.2. (Galois case) If L/K is Galois and if S 0 generates the relative class group
Let p i be the prime ideal factorization of the principal ideal yZ L,S . According to Lemma 4.1, there exist some conjugates
We now use the fact that S 0 generates the relative class group Cl i (L/K). Each ideal p i is S 0 -pseudo-principal and can be written in the form
and since q i Z L,S is fixed by σ i , we also have
Now if we set
and hence that u is an S-integer. The second equality of the theorem is then proved.
To prove the first one, it remains only to remember that if an S-unit a is the norm of an S-integer u, then u is necessarily an S-unit.
Corollary 4.3. Let L/K be a Galois extension such that the group Cl i (L/K) is trivial, and a an integer in K, then: The equation N L/K (x) = a has a rational solution if and only if it has an integral solution. More generally, if S is an arbitrary set of prime ideals whose classes generate Cl i (L/K) and if a is an S-integer, then:
The equation
has a rational solution if and only if it has an Sintegral solution.
Example. We can illustrate this corollary by the following examples. All the equations
. . have a rational solution if and only if they have an integral solution (they correspond to norm equations for Galois extensions with class number 1).
Structure in the Galois case.
In this subsection, we will use Tate cohomology for the finite group G = Gal(L/K). For a description of this theory we refer to [11] or to [2] . If A is a G-module, we have for example Let S denote a set of primes of K with the only condition that it is finite. We first recall a standard lemma of Noether, which says that any ideal of norm 1 is a product of ideals of the form I σ−1 .
Lemma 4.4. (Noether) We have H
−1 (G, I S (L)) = 1.
Theorem 4.5. For all S there exists a surjective map
H −2 (G, Cl S (L)) Im( H −2 (G, I S (L))) → N L/K (L * ) ∩ U K,S N L/K (U L,S ) .
If G is cyclic, this map defines an isomorphism
We first notice that Ker is the kernel of the natural map
The short exact sequences
lead to the long cohomology exact sequences
From the first sequence and if G is cyclic, Hilbert's theorem 90 tells us that
In the general case Ker is only a
. From the second one, we can see that
is always isomorphic to the quotient of
The cyclic case of this theorem is a version of the "ambiguous classes formula" given in [3] .
If we denote by I G the augmentation ideal of the ring
This can be seen as a subgroup of Cl S (L) |G|−1 . From this we can consider the quotient of H −2 groups in the theorem as a quotient of a subgroup of
which is itself a quotient of Cl i,S (L/K) |G|−1 . This is expressed in the following corollary.
Corollary 4.6. Let r = |G| − 1. For all S there exists a subgroup
which is onto. 
The group Cl(L) has order 3 (coprime to 2), and is generated by an ideal p above 3. The integer 3 is a norm since
But it cannot be the norm of an integer x, otherwise this x would generate one of the two ideals above 3, which are not principal.
We saw in subsection 3.1 that there exist at least two different definitions for the relative class group. The following example shows that Corollary 4.7 is false if we replace Cl i (L/K) by Cl N (L/K).
Example. Let K = Q(y) with y 2 − y − 26 = 0. The discriminant of K is 105 and its class group has order 2 generated by the prime ideal p 2 = 2Z K + (y + 1)Z K above 2. We consider L = K(x) with x 2 + (−2y + 1)x − 158 = 0, so we have
The class group Cl(L) is of type C 6 × C 2 , generated by a prime ideal P 2 above p 2 (above 2) of order 6, and a prime ideal P 59 above 59 of order 2. We have
Hence, the group Cl N (L/K) = Ker(N L/K ) has order 6, and its 2-Sylow is generated by P 59 . If Corollary 4.7 was true with Cl N (L/K) instead of Cl i (L/K), then −1 should be the norm of a 59-unit. We now prove that it is not the case. The fundamental units of L are u 1 = 8y + 37, u 2 = (17952y − 8976)x + 777239, u 3 = −18636936x + (18636936y + 243656915), whose norms are (8y + 37) 2 , 1 and 1, where 8y + 37 is the fundamental unit of K. Therefore, the units cannot have any contribution to the norms. The supplementary fundamental 59-units are given by 4y − 21) . This proves that the only unit which is the norm of a nontrivial 59-unit is (8y + 37), but not −1.
Norm equations in non-Galois extensions
In this section we consider an extension L/K which is not necessarily Galois. We call L/K its Galois closure. We denote by G the Galois group of L/K, and by H the subgroup of G corresponding to the Galois extension L/L. We write 
so that Theorem 1.1 is true with this S 0 .
This corollary applies for example to Galois extensions (|H| = 1, this is exactly Corollary 4.7). In the special case where d is prime, the degree |H| = [L : L] must divide (d − 1)!, so d and |H| are always coprime, and this corollary also applies to this case. For small degrees (d 5), the only extensions that are not dealt with by this proposition are those with Galois group D 4 (dihedral group of order 8) or S 4 (symmetric group on 4 letters).
We shall now give an example where the group Cl(L) (and not only Cl(L)) must be used.
Example. Let L/K = Q(x)/Q with x
4 − x 3 − 27x 2 + 3x + 149 = 0. This field is of type D 4 , and has discriminant 62525 = 5 2 · 41 · 61. Its class group is trivial, whereas the class group of its Galois closure L is of type C 4 × C 2 generated by two prime ideals above 11 (or equivalently 79,151,181,191 . . . ). All units of L have norm +1, and therefore −1 cannot be the norm of a unit. However, we have the relation
which proves that −1 is the norm of an 11-unit. We have the further relations:
which prove that −1 is the norm of a 79-unit, a 151-unit, a 181-unit, a 191-unit . . . .
Proof of Theorem 1.1 for non-Galois extensions.
In the case where the extension is not Galois any more, the conditions on S 0 are more restrictive and the proof is more technical. It uses some ideas found in [1] . We introduce some additional notation. Proof. Only the second assertion needs some detail. Let I be an ideal of L whose norm is 1 (or Z K,S if we are dealing with S-ideals). For each ideal p of K, we choose one ideal P of L above p. Now if we factor I in L, this must be of the form P τ , with τ ∈ Z[G]. Since P is fixed by its decomposition group C P , τ is in fact in Z[G/C P ]. Since I is an ideal of L, it is fixed by H, and τ ∈ Z[G/C P ] H . Now the triviality of the norm of I forces τ to be in Z[G/C P ] 0,H .
In the following, C runs over all cyclic subgroups of G. Consider now the group 
We define φ C as the composite of the maps
Using Lemma 5.3, we verify that this is a well-defined map. We have to prove its surjectivity. 
Proof. The definition of φ D is exactly analogous to the definition of φ C in Proposition 5.4. We prove that Im φ D ⊃ Im φ C and use the surjectivity of
Since the p i are disctinct primes, we can find a relation
where 
Proposition 5.6. Let S be a finite set of prime ideals of K containing all ramified primes of L/K, and such that
D and φ D is trivial on this subgroup.
Proof. In the above statement we make a little abuse of notation. Indeed, we will not prove this for the map φ D , but for its composite with the map x → x h . Since h is coprime to d, the map x → x h defines an automorphism of the group i , but the assumption implies that η = δ = 1. This means that we can choose {γ i } and
Since τ is fixed by multiplication on the left by H, a i,j only depends on j, and we have τ = ( H η) ( a j φ j ). Moreover we have
and 
By a careful examination of the subgroups of G, we can deduce two corollaries of this proposition. 
We shall give here an example which shows the necessity of the condition on the ramified primes.
This field of discriminant 25857 = 3 2 · 13 2 · 17 is of type D 4 , and its class group is trivial. Its Galois closure L has also a trivial class group. The fundamental units have norm +1. If we forget the condition on ramified primes in Corollary 5.8, it should imply that the equation N L/K (x) = −1 has no solution. However, we find
This number factors in the form
with p 2 1 p 2 2 = 3, so it is a 3-unit, and 3 is ramified because 3 divides the discriminant of the field L.
We remark that in this example, it is not enough to consider the discriminant of L/L but really the discriminant of L/K (or equivalently the discriminant of L/K). Indeed only primes above 17 ramify in the extension L/L, whereas 3,13 and 17 ramify in L/K.
We can prove that this solution is unique up to the multiplication by an element of norm 1. This example is therefore of a completely different nature than the other ones where the solutions (up to elements of norm 1) were usually in infinite number, parametrized by all ideals with given class in some class group.
5.3.
The special case of extensions of Q. In Theorem 1.1 and in most of the other results we claim the existence of a set S 0 such that the groups
are equal, and such that equality also holds for all larger S. There exists some cases, where equality holds for some S 0 but not for all S containing this S 0 . We give here a criterion for this to be true, and an example where it is false.
Since N L/K (I ) = 1, the definition of h makes the ideal
hold, and this proves that a h is the norm of an S-unit.
This allows us to consider the special case of extensions of Q with odd degree, or the totally complex ones, because in these two cases the units that are norms are well known.
We now give an example in which the equality holds for S 0 = ∅ but does not hold for some larger S.
This totally real extension of degree 3 has discriminant 28212 = 2 2 · 3 · 2351 and has Galois group S 3 (so it is a non-Galois extension). It is clear that
This proves that 3 is a norm, but the solution has 31 in the denominator. We shall prove that there is no 3-unit of norm 3. Suppose on the contrary that 3 is the norm of a 3-unit s. We have 3Z L = p with v 1 + v 2 = 1. But the class group of L is cyclic of order 3, generated by p 1 , and the principality of the ideal sZ L forces the relation v 1 + v 2 ≡ 0 mod 3. These two relations cannot hold together, which proves that 3 cannot be the norm of a 3-unit.
5.4. Existence of integral solutions. In this subsection, we are interested in finding integral solutions x when the parameter a is an algebraic integer. We will look for a generalization of Theorem 4.2 on the integers and the S-integers.
Remark. If we want the integers that are norms to be norms of integers, this should first be true for units; such results are given by Corollary 5.2 or 5.7. It is also necessary that all integral ideals that are norms be norms of integral ideals. The condition for this is weaker than the one for integers and is the object of the following lemma. 
12 asserts the existence of an Sintegral ideal I with norm aZ K,S0 . Since the group Cl N ,S0 (L) is trivial, we have
. But the norm of x 0 is an S 0 -unit, hence is also the norm of an S 0 -unit y. We have the relations
Since xx 0 is an S-integer and y is an S 0 -unit, the result is proved.
Remarks. 1. Note that the condition of this theorem is really on the group Cl N (L/K) and not on Cl i (L/K) as for the other results. 2. When the degree is different from 3, 4 or 6, then Lemma 5.12 is not always true and neither is Theorem 5.13. In degree 5 we can consider the following example.
Example. L/K = Q(x)/Q with x 5 + 3x − 2 = 0. The number 7 is a norm because
The prime 7 splits into two prime ideals P 1 and P 2 with residual index 3 and 2. If 7 is the norm of an integer z, then z has valuation v 1 and v 2 at P 1 and P 2 , with the relation 3v 1 + 2v 2 = 1, which implies that v 1 or v 2 is negative, and hence that z cannot be an integer. We can also remark that there are infinitely many primes with this property, and this shows that there is no finite set S satisfying Theorem 5.13.
There exist a great deal of extensions of degree different from 3, 4 or 6, which satisfy Lemma 5.12. This is certainly the case for all Galois extensions, but also for all extensions of type D p (dihedral group of order 2p with p an odd prime). It would be interesting to give a characterization of such extensions in terms of the groups G = Gal(L/K) and H = Gal(L/L).
Norm equations: The algorithm
The algorithms we now describe were implemented in the PARI package for number theory, which already contains a large quantity of algorithms that we can use. For example we assume that the fields K and L are completely known, in the sense that we know their discriminants, integral basis, class groups, fundamental units, and the corresponding discrete logarithms (for a description of these algorithms see [4] ).
For a proof of the algorithms of this section, see [13] . 
Compute a unimodular matrix
Results.
and W is a fundamental system of generators for U K,S /U K .
Remarks. 1. If we really want the elementary divisors of Cl S (K), we have to take the SNF (Smith Normal Form) of H, and not only its HNF. This amounts to left multiplication by an invertible matrix, which corresponds to a change of basis on the g i . 2. The matrix C of step 3 contains the valuations of the fundamental S-units at the p i of S. Its determinant is not zero. This matrix is only defined up to the multiplication on the right by some unimodular matrix. Hence, we can choose the system of fundamental units with additional properties. For example, we can obtain integral S-units if we take the HNF of C. We can obtain "small" S-units if we LLL-reduce C. In this case, small means with small valuations on the prime ideals. Note that the multiplication on the left of C by a permutation matrix is equivalent to a change of order of the p i in S.
Corollary 6.2. There exists a system of fundamental S-units which is formed by integral elements of K.
If we keep the matrix C of Algorithm 6.1, it is easy to express any S-unit as a product of the fundamental S-units. It is also simple to solve the "principal ideal problem" in Cl S (K) if we keep the matrices H and D, and the vectors W and W .
We have the two following algorithms. 6.2. How to compute relative class groups. We will not give a direct method to compute these two relative class groups, because it is far beyond our task. For the relative quadratic case, H. Cohen, F. Diaz y Diaz and M. Olivier in [5] give an explicit algorithm for this, which can be extended to the general relative case. It is preferable to use this relative algorithm when possible.
What we indicate here is the use of the definitions. Indeed Cl i (L/K) is a quotient of Cl(L), and [6] explains how to compute it from the knowledge of Cl(L), Cl(K), and the map i. The same paper explains how to compute Cl N (L/K) as the kernel of the norm map from Cl(L) to Cl(K).
6.3. General norms. The previous sections gave conditions on S which ensure that all S-units that are norms are norms of S-units. The general strategy of the algorithm that finds a solution of our equation N L/K (x) = a is to say that a is an S-unit for a suitable set S. The remaining part of the algorithm consists of "discrete logarithms" in the S-unit group, and linear algebra over Z.
The algorithm can be briefly described as follows. 1. Determine the set S using Algorithm 6.8.
2.
Find an S-unit x such that N L/K (x) = a using Algorithm 6.9.
Result: If step 2 gives some x, then it is a solution; otherwise the equation has no solution in L.
In the following subsections we decribe this in more detail. Note that if we want integral solutions (or S-integral solutions), then we can use Algorithm 6.10 directly.
6.4. Determine the sets S 0 and S. If we want to find an integral solution to the equation N L/K (x) = a where a is an integer of K, then any prime ideal that divides a solution x also divides a, and hence for the set S it is enough to consider all primes dividing a; that is, we can take S 0 = ∅. If we want a rational solution, we have to add to the set of primes above a, a set S 0 of exceptional primes satisfying Theorem 1.1, that is S = S 0 ∪ {p | a}. Such an S 0 is described in the previous subsections.
We note that this set S 0 only depends on the relative extension L/K and not at all on the value of a in the equation N L/K (x) = a. It can be computed only once if we need to solve several norm equations in the same extension. For this reason it is preferable to write separate algorithms.
